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1. Introduction 

Tulczyjew [Sg showed that the natural identification a : T{T*N) T*{TN) should be 
considered as a symplectomorphism. More specifically, one can lift the canonical sym- 
plectic structure on T*N to T(T*N) and then a becomes a symplectomorphism from this 
lifted structure to the canonical symplectic structure on T*{TN). This is best understood 
using the language of double vector bundles. It is well-known that the double vector bun- 
dle morphism R : T*{T*N) T*{TN) decomposes as T*{T*N) -J> T{T*N) T*{TN). 
This triple of double vector bundles will be referred to as the classical Tulczyjew triple. 

In this paper we construct analogues of the Tulczyjew triple for Lie algebroids in terms of 
graded manifolds. Recall that a graded manifold is defined as a supermanifold equipped 
with a privileged class of atlases where the coordinates are assigned weights taking val- 
ues in Z and the coordinate transformations are polynomial in coordinates with nonzero 
weights respecting the total weight, see Voronov [3^ for further particulars. Generally, 
the weight is independent of the Grassmann parity. The weight then extends to geomet- 
ric objects over the supermanifold. 

We use these constructions to make an initial study of higher Poisson and higher Schouter0 
structures on Lie algebroids, generalising some of the constructions of Khudavcrian & 

^Schouten structures are also known as odd Poisson or Gerstcnhaber structures. We will stick to the 
nomenclature Schouten. They are the Grassmann odd analogue of Poisson structures. 
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Voronov [21] [37l |38] . Such structures are understood as higher order generahsations of 
the second order "classical structures" . For example, a higher Poisson structure can be 
thought of as the replacement of a Poisson bi-vector with an even parity inhomogeneous 
multivcctor field. In passing to the higher structures one leaves the world of Lie algebras 
and enters the world of their homotopy relatives, the Loo-algebras. This should also be 
compared with the generalized Poisson structures of de Azcarraga et.al. [T2l [T3] . 

In accordance with standard practice in "super-mathematics" , we will generically drop 
the prefix super. For example, by manifold we will explicitly mean (smooth) superman- 
ifold. All objects will be Z2-graded. We will denote the parity of an object as tilde; 
A G 112- By even and odd we will be referring to parity and not weight. For a given 
vector bundle E ^ M the reverse parity functor 11 produces another vector bundle 
HE — >■ M with the fibre coordinates shifted in Grassmann parity in relation to the orig- 
inal vector bundle, the weight remains unchanged. We denote the weight of an object A 
by w{A) G li. We will use the notation 1] M to denote the vector bundle whose 
fibre coordinates have been shifted in weight by minus one in relation to the weight of 
the fibre coordinates on the original vector bundle. 

Lie algebroids can be understood in terms of a Lie bracket on the space of sections of a 
vector bundle E — M and an anchor, which is a Lie algebra morphism to vector fields 
X(M). Alternatively, a Lie algebroid structure is equivalent to a homological vector field 
on ni?, the "de Rham differential" . For our purposes we will take the view point that a 
Lie algebroid structure is equivalent to 

1. A weight minus one Schouten structure on the manifold YiE* 

2. A weight minus one Poisson structure on the manifold E* 

The weighs are relative to the natural weight on E* — > M . It is the existence of these 
structures that allows us to define all the necessary maps to construct the graded ana- 
logues of the Tulczyjew triple for Lie algebroids. Furthermore, these structures are 
required to define higher Poisson and higher Schouten structures on the Lie algebroid. 
Thus, much of the theory developed here will not pass over to more general vector bun- 
dles. The details of this will be presented in this paper. 

This paper is arranged as follows: 

In Section [5?] we recall the basic theory of double vector bundles. Lie algebroids and 
Loo-algebras as needed in later sections. In particular we will recall the definitions of 
homotopy Poisson, Schouten and BV- algebras as used throughout this work. There are 
no new results in this section. 

In Section [23 we proceed to define graded analogues of the Tulczyjew triple for Lie al- 
gebroids. It should be noted that analogues of Tulczyjew triple for Lie algebroids have 
already been discussed in the literature: Mackenzie & Xu [5U], Grabowski & Urbahski 
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[T7l[T8] (who discuss the shghtly more general notion of what they cah algebroids.) and 
Mackenzie [5S]. However, the approach taken here is inherently "super" and makes ex- 
plicit use of the Schouten and Poisson structures as functions on (graded) supermanifolds. 
Precursors to this "graded super" approach include Voronov j39,^_ and Roytenberg [35]. 

We consider the following commutative diagrams to be the Lie algebroid analogues of 
the Tulczyjew triple; 

T*{nE*) nr(n£;*)[-i] nT*{E*) nT{E*)[-i] 




T*{UE) nT*{UE) 

All the maps in the above diagrams are double vector bundle morphisms in the category 
of graded manifolds. 

In Section HT] we use the constructions of the previous sections to define and study higher 
Poisson and higher Schouten structures on Lie algebroids. A higher Poisson structure 
on a Lie algebroid is defined as an even function P G C°°{IIE*) such that IP, Pjs — 0, 
where the bracket here is the Schouten structure that describes the Lie algebroid. Sim- 
ilarly, a higher Schouten structure is defined as an odd function S G C°° {E* ) such that 
{S, S}p = 0, where the bracket is the Poisson structure that describes the Lie algebroid. 

We provide a theorem that states that if — ^ M is a Lie algebroid with a higher Pois- 
son structure then E* ^ M is canonically an Loo-algebroid. Similarly, we prove that 
if the Lie algebroid comes equipped with a higher Schouten structure, then HE* M 
is an Loo-algebroid. In this sense, higher Poisson/Schouten structures on Lie algebroids 
provide a generalisation of the notion of a triangular Lie bialgebroid. 

We show how to associate homotopy Poisson and Schouten algebras on C^(IIE) with 
these structures, that is on the Lie algebroid analogue of differential forms. That is, we 
have an Loo-algebra in the sense of Lada & Stasheff [26] (suitably "superised") on the 
algebra C°°{IIE) such that the brackets are multi-derivations over the product. This 
generalises the Koszul-Schouten bracket 24 to the homotopy and Lie algebroid cases. 

An homotopy BV-algebra on Lie algebroid forms can be constructed using the Lie deriva- 
tive along a higher Poisson structure. This mimics Koszul's original construction [24] . 
We show that this series of higher Koszul-Schouten brackets is not completely indepen- 
dent of the earlier construction of higher Schouten brackets on Lie algebroid forms. In 
particular the higher Schouten brackets are understood as a "formal classical limit" of 
the higher Koszul-Schouten brackets. 

We end this paper in Section [5?] with a short discussion. 
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Nomenclature 

A differential form over a manifold M is understood as a function on the total space 
of HTM. In general differential forms need not be polynomial in the fibre coordinates, 
commonly such forms are known as pseudoforms. A Lie algebroid form is a function on 
the total space of HE, where £■ — >^ M is a Lie algebroid. This definition is sufficient 
for our purposes as we will not be delving into the theory of integration. Similarly, a 
multivector field over a manifold M is understood as a function on the total space of 
IIT*M. A Lie algebroid multivector is a function on the total space of HE*. 

A Poisson (e = 0) or Schouten (e = 1) algebra is understood as a vector space A with a 
bilinear associative multiplication and a bilinear operation : A ® A ^ A such that: 

Grading {a, b}e = a + b + e 

Skewsymmetry {a,b}e = a}e 
Leibnitz Rule {a,bc}e = {a, 6}£C + (-l)("+'')''6{a, cj^ 
Jacobi Identity Ec^^cZic a,6,c(-l)^'+^'^'+^Ha, {^', 4 J. = 

for all homogenous elements a,b,c€ A. 

A manifold M such that C°°{M) is a Poisson/ Schouten algebra is known as a Pois- 
son/Schouten manifold. As the Poisson/Schoutcn brackets are biderivations over the 
functions they are specified by contravariant tensor fields of rank two. A Poisson struc- 
ture on a manifold M is understood as a bi- vector field P € C°°{IIT*M) (quadratic in 
fibre coordinates), such that |P, P] = 0. Here the brackets are the canonical Schouten 
brackets on nT*M also known a the Schouten-Nijenhuis bracket. The associated Pois- 
son bracket is given by {f,g}p = {-if+^PJlgl with f,g € C°°{M). Similarly, a 
Schouten structure on a manifold M is an odd symmetric tensor field S € C°° {T* M) 
quadratic in the fibre coordinates such that {S, S} = 0. The associated Schouten bracket 
us given by lf,g\s = {-iy+'^{{SJ},g}, with f,g & C°°{M). Note that non-trivial 
Schouten structures cannot exist on pure even manifolds. The Jacobi identities on the 
brackets are equivalent to the self-commutating conditions of the structures. 

A Q-manifold is understood as a (possibly graded) manifold M, equipped with an odd 
vector field Q G Vect(M) that squares to zero, i.e. = \[Q, Q] = 0. The vector field is 
referred to as the homological vector field. 

A gauge system is understood as a the triple {M,{»,»}s,Q) with (A^,{»,»}e) being 
a Poisson or Schouten manifold and {^A,Q = {Q,»}^) being a Q-manifold with the 

function {hom,ological potential) Q G C'°^{M) being of parity Q = e + I. Morphisms 
in the category of classical gauge systems are smooth maps ^ : A4i — >■ M2 such that 
</>*{/, 5}7W2 = {(t>*f,(l>*9}Mi and (t)*QM2 = Qmi- 
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2. Preliminaries 

For the benefit of the reader and to set notation let us review some basic facts about dou- 
ble vector bundles, Lie algebroids and Loo-algebras as needed in later sections. Double 
vector bundles and Lie algebroids were first introduced by Pradines [31]. Loo-algebras 
were introduced by Lada & Stasheff t26j and then further discussed by Lada & Markl [33] . 



2.1. Double vector bundles 

Recall that a double vector bundle over base M is a fibre bundle D M with an extra 
structure. The local model is J7 x Vi x V2 x V12, where U C M is an open subset and 
Vi, V2 and V12 are vector spaces. If we pick coordinates x"^ on [/, on Vi, on V2 
and z°' on V12 then admissible coordinate transformations are of the form; 



^ z''T,''{x)+w'u%,''{x). (1) 

These transformation laws imply that the diagram below exists with each edge being a 
vector bundle. 



D 




M 



More specifically, we have Vi as the typical fibre of the vector bundle A ^ M, V2 for 
B M, Vi X V12 for D ^ A and V2 x V12 for D ^ B. The is also the core of D, which 
is the vector bundle K M with typical fibre V12. 

If we consider 13 as a vector bundle over A we have the notion of the dual D\ , which is 
again a double vector bundle, see the diagram below. 




M 



If we describe Dj^ using the natural local coordinates {x^ ,Wi, Za} then using the 
invariance of w^Wi + z°'Za coupled with the transformation rules for D the admissible 
coordinated changes can be written as; 
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The "inclusion" of the parity reversion functor 11 was laid down by Voronov in his dis- 
cussion of double Lie algebroids HO]- Let E ^ M he a, vector bundle. An impor- 
tant result of Voronov's study is that the canonical double vector bundle isomorphism 
R : IIT*E — >■ IlT*{YiE) is an odd symplectomorphism between the canonical odd sym- 
plectic structures. 



2.2. Lie algebroids 

Recall the definition of a Lie algebroid as the triple (iJ, [•, •], a). Here ii^ is a vector bundle 
over the manifold M equipped with a Lie bracket acting on the module of sections r(£'), 
together with a vector bundle morphism called the anchor a : i? — > TM . The anchor 
and the Lie bracket satisfy the following 

[uJv]^a{u)Jv+{-iy''f[u,v], a{[uM) = Hu),a{v% (3) 

for all u,v G r(_E) and / 6 C°°{M). To paraphrase this definition, a Lie algebroid is a 
vector bundle with the structure of a Lie algebra on the module of sections that can be 
represented by vector fields. 

For basis sections of E the anchor and the Lie bracket are of the form 

= Qa [Sc.,Sp] = {-ifQl^S^. (4) 

They satisfy the Lie algebroid structure equations; 



i-lfQl^Q^, (5a) 
0. (5b) 

It is well-known that a Lie algebroid structure on E ^ M is in one-to-one correspondence 
with a homological vector field of weight 1 on the total space of HE. In natural local 
coordinates {a;'^,^"} (x^ = A,w{x^) = 0,^" = 5 + 1, w(^") = 1.) the homological vector 
field is of the form [36] 

Q = + l^"^'QU^)^ G vect(n£;). (6) 

The Lie algebroid structure equations are directly equivalent to the homological property. 
If one relaxes the weight condition and considers more general homological vector fields, 
then we have a so-called Loo-algebroid. 



E 

Cyclic 

(a,<9,7) 



+ (-1) 



5/3, 
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2.3. Loo-algebras and higher derived brackets 

We closely follow Voronov [37j in conventions concerning Loo-algebras. A vector space 
V — Vn (BVi endowed with a sequence of odd n-linear operators (which we denote as 
brackets) is said to be a Loo-algebra (c.f. [351 if 

1. The operators are symmetric 

(ai,a2, • • • ,ai,aj, ■■■ ,a„) = (-1)°'"^ (ai, 02, • • • • • • ,a„). (7) 

2. The generalised Jacobi identities or Jacobiators 

{-^Y {{aa{i),- ■ ■ ,aa(k)),aa(k+i),- ■ ■ ,aa(k+i)) =0 (8) 

k+l=n — l (k,l) — shuffels 

hold for all n > 1. Here (—1)'^ is a sign that arises due to the exchange of homoge- 
nous elements S V . Recall that a (fc, Z)-shuffle is a permutation of the indices 
1,2, ■■■k + I such that cj{\) < ■ ■ ■ < a{k) and a{k + 1) < • • • < a{k + I). 

As the brackets are multilinear and symmetric they are completely described by their 
values on even elements of V . Thus, considering y as a manifold, the Loo-algebra can 
be written in terms of a (formal) homological vector field (elements of V are identified 
with constant vector fields in Vect(y)) 

^ n>0 ■ " 

— n 

where ^ is an even element of V. The Jacobiators are directly equivalent to the homo- 
logical condition on Q. 

It must be noted that the above definitions are shifted as compared to the original 
definitions of Lada & Stasheff. Specifically, iiV = HU is an Loo-algebra (as above) then 
we have a series of brackets on U that are antisymmetric and even/odd for an even/odd 
number of arguments. Let Xi U and we define the brackets on U viz 

n{xi,-- - ,x4-(-i)(^^("-i)+^^("-2)+...+£„_0(n^^^... ^nx„). (lo) 

One may call V — HU an Loo-antialgebra. However, we will refer to the bracket struc- 
tures on V and U as Loo-algebras keeping in mind the above identification. 



Definition 1. A homotopy Schouten algebra is a commutative, associate, unital 
algebra A equipped with an Loo-algebra structure such that the odd n-linear operations, 
known as higher Schouten brackets are multiderivations over the product: 

(ai, 02, • • • a^-i, flrflr+i) = {ai,a2,---ar-i,ar)ar+i (11) 

+ -Lj o.r[ai,a2, - ■ ■ ar~i,ar+i), 

with a/ G A. 
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In order to define a homotopy Poisson algebra one needs to consider a shift in parity to 
keep inline with our conventions. Up to this shift, the definition carries over directly. 

Definition 2. A homotopy Poisson algebra is a commutative, associate, unital alge- 
bra A equipped with an Loo-algebra structure such that the n-linear operations, known 
as higher Poisson brackets (even/odd for even/odd number of arguments) are multi- 
derivations over the product: 

{ai,a2,- ■ ■ ar-i,arar+i} = {oi, 02, ■ • ■ a^-i, ar}ar+i (12) 
with a/ G A. 

Following Voronov [37] it is known how to construct a series of brackets from the "initial 
data"- (£, tt. A). Here £ is a Lie (super) algebra equipped with a projector (tt^ = tt) onto 
an abelian subalgebra satisfying the distributivity rule 7r[a, b] = 7r[7ra, b] + 7r[a, nb] for all 
a,b G C. Given an element A G £ a series of brackets on the abelian subalgebra, V C C 
is defined as 

(ai, 02, • • • , an) = 7r[- ■ • [[[A, ai], 02], • • • a„], (13) 

with ai in V. Such brackets have the same parity as A and are symmetric. The series 
of brackets is referred to as higher derived brackets generated by A. A theorem due to 
Voronov states that for an odd generator A e £ the n-th Jacobiator is given by the n-th 
higher derived bracket generated by A^. 

J"(ai,a2, • • • ,a„) = 7r[- • ■ [[[A^, ai], 02], • • -On]. (14) 

In particular we have that if A^ = then the series of higher derived brackets is an 
Loo -algebra. 

Definition 3. A homotopy BV-algebra is the pair (^, A), where ^ is a commu- 
tative, associative, unital algebra, (C°°(M) for example) and A G End(^) is an odd 
nilpotent operator. The series of odd higher brackets are given by 

[ai,a2,-- - ,a„]A = [• • • [[[A, ai], 02], • • • a„](l), (15) 

with Qi G V, give an Loo-algebra structure on A. 

One considers the Lie algebra £ — End(^) and thinks of F = ^ as an abelian subalge- 
bra. The projector tt is provided by the evaluation at 1. If the generating operator A is 
a differential operator of order at most r (say), then the r + 1 th bracket is identically 
zero. For further details see for example [21 151 151 1^ 157]. 

The notion of homotopy "something" algebra as used here is much more restrictive that 
that found elsewhere in the literature [TH [TS] . The notion used throughout this work 
seems very well suited to geometric considerations and suits the purposes explored here. 
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3. Tulczyjew triples for Lie algebroids 

In this section we will construct two analogues of the classical Tulczyjew triple for Lie 
algebroids in the graded setting. These triples are of intrinsic interest as they appear 
very naturally. They also serve as the framework for Section 23 where we discuss higher 
Poisson and Schouten structures on Lie algebroids. 

Given the constructions presented in this section, the "ungraded non-super" triple 

T*Ei — T*E* — >TE*, (16) 

for the Lie algebroid E — > M can be recovered by careful removal of sign factors, see 
[371I1H1I1S] for example. One can then recover the classical Tulczyjew triple for E = TM 
directly [55] . 

3.1. The Tulczyjew— Schouten triple 

Let E' — >■ M be a Lie algebroid. Consider the following commutative diagram; 



T*{nE*) nr(n£;*)[-i] 




T*(ns) 

We consider the above diagram as an analogue of the Tulczyjew triple for Lie algebroids. 
We refer to this triple as the TulczyjewSchouten triple. The nomenclature follows form 
the fact that this construction uses the Schouten structure that describes the Lie alge- 
broid explicitly. All the maps in the above diagram are double vector bundle morphisms 
in the category of graded manifolds. This assertion needs explaining. 



Let us employ natural local coordinates; 




{a^?7Q,pA,7r"} 



The parities are given by 



PA 



A,V^ = A+1, 



1 and 



w(a;^) = 





w{ria) 


= 1 


w{pa) = 





w(7r") 


= -1 


w(r) = 


-1 


w(7ra) 


= 1 




-1 




= 



The changes of local coordinates are given by; 
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T*(nE*) 


-PA = {^) 

tF" = (-1)" 


PB + { 1)^(^+i)+Mt/ (^^p^) 




T*{UE) 


x"^ = 

-PA - {^) 




UT{UE*)[-1] 


x"^ = S^(.t) 

ec. = {-if- 




)■ 



These transformation rules clearly show that T*(nE*), T*{nE) and nr(n£'*)[-l] are 
all double vector bundles, see Eqn. ([T]). 

The algebroid structure on E M is equivalent to a weight minus one Schouten structure 
on the total space of UE*. That is we have an odd function S € C°°{T*(IIE*)) that 
satisfies the classical master equation {S, S} — 0, here the bracket is the canonical Poisson 
bracket. In natural local coordinates the Schouten structure is given by 

S{x,r],p,TT) = TT°'S^{x)pA + ^7r"7r^S'^^(x)77T,, (17) 
with ^ {-ifQi and SJ^ ^ i-lf+^Ql^- 
The Schouten bracket on C°° {HE* ) is given by 



lX,Yh = {-lf+'{{S,X},Y} 



dx^ drio 



with X, y G C°°(J1E*). This Schouten bracket should be thought of as the Lie algebroid 
generalisation of the Schouten-Nijenhuis bracket on multivector fields over a manifold, 
which itself is the extension of the Lie bracket of vector fields (with shifted parity). It 
can be shown that the appropriate Jacobi identities are satisfied due to the condition 

{5,5} = o, [saisi]. 



Associated with the Schouten structure is the map (fis : T*{IIE*) I\T {J1E*)[—1] which 
we will refer to as the Schouten anchor. In natural local coordinates the Schouten anchor 
is given by 
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OPA 

mo.) = Q^^stPA+^^s}^^,. (19) 

The Schouten anchor preserves both the parity and weight. Moreover, it is a morphism 
of double vector bundles. 



It is well-known (see [IHl [3U [32] for example) that there exist a canonical double vector 
bundle diffeomorphism R : T* [WE* ) -> T* (Hi?) . This morphism is independent of any 
Lie algebroid structure on E and is a symplectomorphism between the canonical even 
symplectic structures. This is easily verified in natural local coordinates. Comparing the 
above with the transformation rules for the coordinates on T*(ni?*) and T*{I{E) we see 
that the required diffeomorphism is given by 

i?*(7r„) = r;„, i?*(r)-(-l)"^". (20) 

To see that R is indeed a symplectomorphism, note that the canonical even symplectic 
structure on T*{\IE*) is given by ujt-'(ue') = dpAcLx^ + dn'^d-qa and on T*{UE) it is 
given by llItuue) = dpAdx^ + dnad^". Thus, R*ujt*(yie) = ujT*(nE')- 

We then define the Tulczyjew-Schouten morphism as the composition of the inverse of 
the canonical double vector bundle morphism and the Schouten anchor: 

iPs^4>s° R'^ ■■ T*(iiE) ^ nr(n£;*)[-i]. (21) 

Then in natural coordinates we have 



mo.) - s^PA + {~i)h^s}^TT,. (22) 

One can also discuss Lie algebroids in the language of gauge systems. Consider 
{T*(ni?*), {•, •}T*(n_E*), 'S'} as a gauge system. Equivalently, the information in the defi- 
nition of a Lie algebroid can be encoded in the gauge system {T*{YiE), {•, •}t*(tie)iHq}. 
Here Hq G C°° {T* {J\E)) is the linear Hamiltonian associated with the homological vec- 
tor field Q G Vect(niJ). Note that the homological condition on Q becomes the master 
equation {Hq, Hq\j',(jiE'^ = 0. In natural local coordinates we have; 

HQ^^-QtpA + \^^eQl^^,- (23) 

Theorem 1. The diffeomorphism R : T*(IIE*) T*(IIE) is a morphism in the 
category of gauge systems. 
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Proof. The proof comes in two stages; 

1. As R is symplectomorphism we have R* {f, gjr'inE) = {R* f , R* 9}t* (tie*) for all 

/,ffeC-(T*(n^)). 

2. The fact that R*Hq = S can be easily verified via local coordinates. 

Thus, is a morphism between gauge systems. □ 

Example 1. Consider the vector bundle E = TN. The corresponding diagram is 
given by: 



T*{IIT*N) 



R 



UT{IIT*N)[-1] 



T*{nTN) 

Let us work in the following natural local coordinates; 



T*(TlT*N) 

T*{UTN) 

IIT{UT*N)[-1] 



{x^,x%iy^,eA} 



'^'^'^ and = for the canonical Schouten 



For this example we have Sg — {—1)"^S 
structure. Note that (HT* M) is defined to be the space of multivector fields over M 
and the Schouten bracket is the Schouten-Nijenhuis bracket. Then we see that 



ct>*s{OA) = (-l)V, 



(24) 



R*{'ka) = x% 



(25) 



rs{x*A) = TrA, VsK) = e^ Vs(^a) = (-1) 



(26) 



The above identifications can easily be verified independently of the discussion about Lie 
algebroids by examining the local coordinates and there transformation rules. 

It must be noted that for this case all the identifications are diffeomorphisms. In par- 
ticular the diffeomorphism ips is regarded as the inverse of the appropriately graded 
Tulczyjew diffeomorphism 



tpg^ : nT(nT*N)[-l] — > T*{IITN). 



(27) 



In this example we have S = {—l)^Tr^pA and Hq = ^^pa, the Hamiltonian associated 
with the de Rham differential on N. It is a straight forward to verify that R*{Hq) = S. 
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More importantly, as both (j)s and Vs are invertible one can pullback the (equivalent) 
canonical symplectic structures to WTiJlT* N)[—l]. This even symplectic structure we 
refer to as the canonical Koszul-Poisson structure. It provides an even Poisson bracket 
on the space of differential forms over the Schouten (odd symplectic) manifold IIT*N. 

^UT(UT''N) '■= (0S^)*'^T*(nT*Ar) = (V's ^ )*<^T* (HTAT) 

= (-l)^d6»Arfx^ + diy'^dx*^. (28) 

Example 2. In the other extreme we have Lie algebras. Consider a vector space q 
equipped with a Lie bracket [, ] : 0(8)0 — > 0. One thinks of the Lie algebra as a Lie algebroid 
overapoint. If we pick a basis {ar^j} the bracket can be written as [x^j, x^] = {—l)^Q'^i^Xj. 

For this example we need to consider the manifolds equipped with the local coordinates: 



T*(n0*) 




T*(n0) 




nT(n0*)[-i] 


{■na,Oa} 



The Lie algebra structure on is equivalent to a weight minus one Schouten structure 
on 110*. In local coordinates the structure is given by S' = {—1)°''^^ ^tt^tt^ Q'^^rj^ . The 
associated odd brackets are known in the literature as the Lie-Schouten brackets. 

We then have the following diagram 

T*(n0*) nT(n0*)[-i] 




r*(n0) 

Employing local coordinates we have 

rsie.) = (-l)"+V0^„7?„ (29) 

rsiVa) = TTa, rsiSc.) = i-^ffQja^f (30) 
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3.2. The Tulczyjew— Poisson triple 

In the previous subsection Lie algebroids were discussed in terms of double vector bun- 
dles and Schouten stnicturcs. It is clear that a parallel "even" description in terms of 
Poisson structures exists. We proceed to describe this in less detail as it parallels the 
previous section closely. 

The corresponding commutative diagram is given by; 




nr(£;*)[-i] 



nT*(n£) 



We refer to this triple as the Tulczyjew-Poisson triple. The morphisms in the above 
diagram arc double vector bundle morphisms in the category of graded manifolds. Let 
us employ natural local coordinates; 



IIT*{E*) 

iit*Itie) 

nT{E*)[-i] 



{x 
{x 



} 



The respective parities are given by x"^ = A, e" 
= =5+1. The weights are; 



A-\-l and 



w{x^) = 





w(ea) 


= 1 


w{x\) = 





w(e?) 


= -1 


w{i^^) = 


-1 




= 1 


w(e^) = 


-1 




= 



The changes of coordinates are almost identical to the case discussed in the previous 
section with subtle sign changes. 



IIT*{E*) 


x^ = x^{x), e„ = (T-^)„%, 

— c-* -1- p • 


UT*{nE) 




IIT{E*)[-1] 


x^ = x\x), e. = (T-Ve^, ^ = ^^(1^), 



The canonical double vector bundle diffeomorphism R : UT*{E*) -)■ 'n.T*{UE) is given 

by 
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R*{V") = e«, R*{v:) = -e„. (31) 

The canonical double vector buiKllc! diffcomorphism is a symplectomorpliisin between 
the canonical odd symplcctic structures. The canonical odd symplcctic strticturc on 
UT*{E*) is given by wnT*(is*) = (-1)^+Ma;^da;^ + (-1)"+Me^dea and on nT*{nE) it 
is given by Wn2 -(nB) = {—1)^'^^ dx\dx^ + (— l)"d77*dr?". It is then a simple exercise to 
see that i?* (wnr* (hb) ) = wnT-(E*)- 

In these natural coordinates the weight minus one Poisson structure describing the Lie 
algebroid £J — > M is given by 

P{x,e,x*,e.) = e^P^{x)x\ + \e:elP;^{x)e,. (32) 
Here P^ = and Pj^ = -Q}^. 
The Poisson bracket on C°°{E*) is given by 

{F,G)p = (-1)^+1 IIP, FI,GI 

^2^2^ OF dG , .,^^5 dF dc 



dx-A den 



dF dG 



+ (33) 

with F,G G C°° {E* ) . This Poisson bracket should be thought of as the Lie algebroid 
generalisation of the Poisson bracket on contravariant symmetric tensors over a manifold 
(i.e. functions on the cotangent bundle). The appropriate Jacobi identities are satisfied 
due to the condition |P, P] = 0. 

Associated with the Poisson structure is the map (pp : IIT*{E*) UT{E*)[-1] which 
we will refer to as the Poisson anchor. In natural local coordinates the Poisson anchor 
is given by 

MOo.) = {-lf+'^ = i-ir+'P^x\ + i-lf+h0,Ple,. (34) 

Then we define the Tulczyjew Poisson morphism as the composition of the Poisson an- 
chor and the inverse of the canonical double vector bundle morpliism: 

V'p = <^p o p-i : jYT^nE) nr(£;*)[-i]. (35) 
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In natural local coordinates we have; 



V'p(ea) 




a 



a;i + (-l)VP^>;. 



(36) 



Again, one can think in terms of gauge systems. The Lie algebroid structure on E ^ M 
is equivalent to the gauge system {I1T*{E*), [[•, •lnT*(E*) ; ^'l- Equivalently, one has the 
gauge system {UT*{nE), l»,»]inT'{nE)j^Q}- Where the homological potential 
Xq = e'^Q^x*^ + ^V^V^QlaV* e C°°(nT*{nE)) is the one-vector associated with the 
homological vector field Q. Note this one-vector is even. The homological condition on 
Q is then equivalent to the master equation [^q, ^Q]nT*(n£;) = 0. 

Theorem 2. The canonical double vector bundle morphism R : I1T*{E*) -> IIT*{IIE) 
is a morphism in the category of gauge systems. 

Proof. The proof follows almost identically to the Schouten case. □ 

Example 3. Consider the vector bundle E = TN . It is clear that the relevant 
diagram is given by 



UT*{T*N) 



m'{T*N)[-l] 




liT^WTN) 



Let us work in the following natural local coordinates; 



nT*(T*iV) II {x^,pA,x\,p^} 
nT*{nTN) {x^,Ti^,x\,ri\} 

wr{T*N)[~i] {x^,pA,e,eA} 



For this example we have = 5^. We see that 



(37) 



R*{vl) = -PA, 



(38) 



rp{PA) = -v*A, rp{^^) = v^, rp{OA) = i-i)^+'x*A. 



(39) 
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Similarly to the case examined in the previous section, the diffeomorphism ipp is regarded 
as the inverse of the appropriately graded Tulczyjew diffeomorphism 

a = Vp^ : nT{T*N)[-l] — > UT*(nTN). (40) 

In this example we have P = p^x\ and Xq = ri^x\ (the one-vector associated with the 
de Rham differential). It is straight forward to verify that R*{Xq) = P. 

Furthermore, as both (pp and ipp are invertible one can puUback the (equivalent) canon- 
ical symplectic structures to nT(r*A^)[— 1]. This odd symplectic structure we refer to 
as the canonical Koszul-Schouten structure. It provides a Schouten bracket on the space 
of differential forms over the Poisson (even symplectic) manifold T*N; 

L0-[IT{T'N)[-1] = ('Ap^)*'^nT*(T*Ar) = {4'p^)*^UT*(nTN) 

= dOAdx"^ + {-l)^+'^dpAd^^. (41) 

Example 4. Consider a vector space q equipped with a Lie bracket [, ] : g (g) g — )• g. 
One thinks of the Lie algebra as a Lie algebroid over a point. If we pick a basis {a;^} the 
bracket can be written as [xa,xp] = {—l)^Q'^pXj. 

Let us work in natural local coordinates: 



UT*{g*) 




IIT*{Uq) 




ILT{q*)[-1] 





A Lie algebra structure on g is equivalent to a wciight minus one Poisson structure on g* . 
In these coordinates this structure is given by P = — ^e^efQ^^e-y. The corresponding 
Poisson brackets are known in the literature as Poisson-Lie brackets. The relevant triple 
is given by the diagram: 

UT*{g*) nT(g*)[-l] 




nr*(ng) 

Employing local coordinates we have 

rp{ea) = {-ife^^Qj^e^, (42) 
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4. Higher Poisson and higher Schouten structures 

Higher Poisson and higher Schouten structures on (super)manifolds were first described 
by Voronov [37l [38] in the context of his higher derived bracket formalism. Recall than 
a higher Poisson structure on a manifold M is understood as an even function P on the 
total space of IVT*M such that it self-commutes with respect to the canonical Schouten 
structure: \P, P\ = 0. To such a structure one associates a series of higher Poisson 
brackets between functions on M such that C°°(Af) becomes a homotopy Poisson alge- 
bra. That is C°°{M) becomes an Loo-algebra (suitably "superised" so brackets with an 
even/odd number of arguments are even/odd ) such that the brackets act as multideriva- 
tions over the supercommutative product of functions. 

Similarly, a higher Schouten structure on a manifold M is understood as an odd function 
S on the total space of T*M such that it self-commutes with respect to the canonical 
poisson structure: {S*, S} = 0. To such a structure one associates a series of higher 
Schouten brackets between functions on M such that C°°(Af) becomes a homotopy 
Schouten algebra. 

4.1. Higher Poisson and higher Schouten structures on Lie algebroids 

In this subsection we define and make initial study of higher Poisson and higher Schouten 
structures on Lie algebroids. We do this in analogy with Voronov's higher Poisson and 
Schouten structures on (super)manifolds 137, 38, . (Also see |21j). 

Definition 4. Let E M he & Lie algebroid. A higher Poisson structure on a 
Lie algebroid is defined to be an even function V G C°°(ni?*) such that [[Pj'Pls = 0. 
Similarly, a higher Schouten structure on a Lie algebroid is defined to be an odd function 
S G C^iE*) such that {S,S}p = 0. 

Remark Note we have no condition on the weight of the higher Poisson or Schouten 
structure. For example, the (classical) Poisson structures on Lie algebroids are recognised 
as weight two higher Poisson structures. 

Associated with the higher Poisson structure is a homotopy Poisson algebra on C°°(M). 
The series of higher Poisson brackets is provided by Voronov's higher derived bracket 
formulism as 

with // G C°°(Af). 

Similarly, associated with the higher Schouten structure is a homotopy Schouten algebra 
on C°°(M). The series of higher Schouten brackets are given by 



(/l, /2, • • • , fr)s — {■ ■ ■ {{S, /l}p, /2}p, • • • , Ir]p\M ■ 



(45) 
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with // e C°°(M). 

It is well-known that for a Poisson manifold the cotangent bundle comes equipped with 
the structure of a Lie algebroid. As we shall see, this also extends to the case of higher 
Poisson and higher Schoutcn structurcis on Lie; algcbroids with the proviso that we con- 
sider ioo-algebroids. Recall that an Loo-algebroid structure on a vector bundle F ^ M 
is defined to be a homological vector field (inhomogeneous in weight) on the total space 
of HF. 

Theorem 3. Let E ^ M be a Lie algebroid. 

1. If E comes equipped with a higher Poisson structure V, then E* ^ M is an L^- 
algebroid. 

2. If E comes equipped with a higher Schouten structure S, then HE* M is an 

Loo- algebroid. 

Proof. We provide a proof by explicitly finding the homological vector fields (inhomoge- 
neous in weight) on HE* and E* corresponding to the Loo-algebroid structures. 



1. Let S G C°° {T* iJlE*)) be the weight minus one Schouten structure describing the 
Lie algebroid E — > M. Then consider 

■Hv = {S,V}T*(nE') (46) 

Note that direct application of the Jacobi identity produces {S,'H-p}t*{tie*) = 0. 

Furthermore, from the definition of the Schouten bracket we see that 

I^j^ls — {P i'H-p}T'{nE')- The direct application ofthe Jacobi identities produces 

{Hv,nv}THnE')^0. (47) 

Thus, 'H-p is interpreted as a linear Hamiltonian associated with a homological 
vector field on HE* : 




Thus, the vector bundle i?* M is an Loo-algcbroid. Furthermore, wc sec that the 
homological vector field is the Hamiltonian vector field associated with the higher 
Poisson structure; Q-p = — ["P, 'Js- 
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2. Let P G C°°{IIE*) be the wight minus one Poisson structure describing the Lie 
algebroid E ^ M . Then consider 



■Hs = lP,S\nT'(E')=[^J^]x\ (49) 



Note that direct apphcation of the Jacobi identity produces \Pj'Hs\tit*(e-') — 0- 
Furthermore, from the definition of the Poisson bracket we see that 
{iS,iS}p = —\S,'Hs\iiT*{E*)- Then direct apphcation of the Jacobi identities pro- 
duces 

ins.HsluT'iE')^^- (50) 
Thus, via the odd isomorphism one associates a homological vector field with T-Ls- 

Thus, the vector bundle HE'* M is an Loo-algebroid. Furthermore, we see that 
the homological vector field is the Hamiltonian vector field associated with the 
higher Schouten structure; Qs — {S, •}p. 

□ 

Remark If we restrict our attention to weight two higher Poisson structures then we 
recover the notion of triangular Lie bialgebroids. That is {E, E*) is a Lie bialgebroid, see 
[32l [39] for convenient descriptions of bialgebroids. 



Corollary 1. Consider a Lie algebra g that comes equipped with a higher Poisson struc- 
ture V G C°°(ng*), then q* is canonically an Loo-algebra. Similarly, if q is equipped with 
a higher Schouten S G C°°(g*) structure, then Hg* is canonically an Loo-algebra. 

Remark As expected higher Poisson/ Schouten structures represent a generalisation of 
the notion triangular Lie bialgebras [7] . The classical i?- matrix is analogous to the Pois- 
son/Schouten structures and the classical Yang-Baxter equation to the self-commutation 
condition or master equation. 

Theorem 4. Let E M be a Lie algebroid. 

L Lf E is equipped with a higher Poisson .structure V G {WE*) then the algebra of 
Lie algebroid forms, C°°{J1E) is a homotopy Schouten algebra. 

2. Lf E is equipped with a higher Schouten structure S G C°°{E*) then the algebra of 
Lie algebroid forms, C°°{IIE) is a homotopy Poisson algebra. 
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Proof. 1. The higher Schouten structure on the total space of HE is supphed by 



Sr^iR-rn. = {^^S-y, (52) 

where R : T*{IIE*) T*(nE) is the canonical double vector bundle morphism. 
We have used the short hand {R^^)*V — V{x,'k). Recall that the canonical double 
vector bundle morphism is a symplectomorphism and as such, S-p defines a genuine 
higher Schouten structure. The higher Schouten brackets are then defined as 

(ai,a2,-- - ,otr)v = {■■■{{Sv,ai},a2],--- ,ar}|n£;i (53) 

with «/ G C°° (Ifi?) and where the brackets {•, •} are the canonical Poisson brackets 
on T*{nE). 

2. The higher Poisson structure on the total space of HE is provided by 



Vs = {R-'rns = -i^-^W^P^)^*A (54) 



dr]l 

G c°°(nr*(n£;)), 

where R : TIT* [E* ) — ^ flT* (Hi?) is the canonical double vector bundle morphism. 
We have used the shorthand {R~^)*S = S{x,rf). As the canonical double vector 
bundle morphism is an odd symplectomorphism, the structure Vs is a genuine 
higher Poisson structure. The higher Poisson brackets are defined as 



{ai,a2,--- ,oir}s = [[■•■|III^5,ai],a2l,--- ,oir\\nE^ (55) 

with ai e C°°{IiE) and where the brackets are the canonical Schouten 

brackets on nT*{\lE). 

□ 

The series of brackets on C°° (Hi?) should be thought of as simultaneously the Lie alge- 
broid and honiotopy generalisation of the Koszul-Schouten bracket in classical Poisson 
geometry [24]. (The earliest construction of a bracket on one- forms over a symplec- 
tic manifold can be found in the first edition of Abraham & Marsden [T| ) . The example 
of higher Poisson structures has already been discussed by Khudaverdian & Voronov [21] . 
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Corollary 2. If the smooth functions over a manifold form a homotopy Poisson/Schouten 
algebra, then the space of differential forms over the manifold is canonically a homotopy 
Schouten/Poisson algebra. 

4.2. Higher Koszul— Schouten brackets on Lie algebroids 

In this subsection we define another series of brackets on C°° (Ji-E) when the Lie algebroid 
E ^ M \s equipped with a higher Poisson structure. We do this by following Koszul's 
original construction [24] and define the series of brackets as higher brackets generated 
by an algebroid analogue of the Koszul-Brylinski operator [TOj [24] . This will provide 
a homotopy BV-algebra structure on the space of Lie algebroid forms. The associated 
series of higher antibrackets will be known as higher Koszul-Schouten brackets as to 
distinguishes them from the earlier Schouten brackets. 

Before we do this, we recall the basic elements of the Cartan calculus on Lie algebroids 
[22] . The Cartan calculus consists of three operators in End(C°°(ni?)): The de Rham 
differential, interior product and Lie derivative that act on Lie algebroid forms viz 

1. The de Rham differential 

dE-Q = eQt-^^\ceQ}^^. (56) 



7 



Note dE = 1. 
2. The interior product 



fe=0 ^ ^ 

which can be understood as the assignment of a differential operator X ix^ given 
a Lie algebroid multivector field X = Y^^o i\X°''"'°"'ix)Vak ■■■Vai G C°°(nE*). 
We have picked natural coordinates {x^,ria} on HE*. The infinite sum is under- 
stood formally. Note this assignment is even: ix — X. 
The Lie derivative 



Lx = [dE,ix] (58) 



k=0 



- { l)''7+gl+l)(^+7+l) cPqCiX 



7<T2---crfc 



d d 



Note that this assignment X Lx is an odd: Lx ~ X + 1. 



^wc change notation shghtly to reflect the relation with the standard Cartan calculus. 
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Remark On the antitangent bundle HTM of a manifold M, the above reduced to the 
generalised Cartan calculus involving multivector fields |34| up on a shift in parity. 

The respective weights (relative to the natural weight on HE*) are w{dE) = —1, w(ix) = 
w{X) and w{Lx) — w(X) — 1, assuming the Lie algebroid multivector field is homoge- 
nous in weight. Further note that if the Lie algebroid multivector field in question is 
homogenous in weight, say w(X) = r then the interior product and Lie derivative are 
both differential operators of order r. Crucially, they do not satisfy the Leibnitz identity 
apart from the isolated case of r = 1. 

The above endomorphisms satisfy a series of identities which we will refer to as the 
Cartan identities: 



d| = 0, (59a) 

[dE,Lx] = 0, (59b) 

[ix,tY] = 0, (59c) 

Hx,Yjs ^ [■ix,LY], (59d) 

Lfxxis = [Lx,Ly], (59e) 

Lyx = Ly oix + {-l)^iY o Lx, (59f) 



All the above can be proved by direct calculation via local coordinates, [22j l34]. 

Definition 5. Let E ^ M he a Lie algebroid with higher Poisson structure 
V G C°° {HE* ) . The Koszul-Brylinski operator is defined as the Lie derivative along the 
higher Poisson structure: A-p := L-p = ° i-p — i-p ° ds- 

That is we have the association of a differential operator acting on Lie algebroid forms 
given a higher Poisson structure V Lp viz Eqn. 1581 



Theorem 5. Let E ^ M be a Lie algebroid equipped with a higher Poisson structure 

V e C°°(nS*). The pair {C°°{HE),Ap) is a homotopy BV-algebra. 

Proof. Recall Definition [3] The fact that the Koszul-Brylinski operator is odd follows 
from the fact that the higher Poisson structure is even. Using the Cartan identities it is 
clear that [Lp^ — ^[Lp,Lp] = ^L^p^pj^ = 4=> IPiPIs = 0. Thus the operator Ap 
"squares to zero" . □ 

Definition 6. Consider a Lie algebroid E M with a higher Poisson structure 

V e C°° {HE* ) . The associated higher Koszul-Schouten brackets between Lie algebroid 
forms are defined as the brackets generated by the Koszul-Brylinski operator 

[ai, a2, • • • , ar]p :=[••• [[Ap,ai] ,02],- ■■ , "r] 1, (60) 

with aj £ C°°{HE) and 1 is the unit Lie algebroid form, i.e. the function on M of 
constant value one. 
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Warning This series of odd brackets are not higher Schouten brackets as they do not 
satisfy a Leibnitz rule over the supercommutative product of Lie algebroid forms. Instead 
we have the well-known recursive relation [21 [51] 

[ai,- ■ ■ ,ar-i,arar+i]v = [«!, ■ • ' , ^r-l, "rlpar+i (61) 

+ (-l)("^+-+"'--^+i)"'a.[ai, • • • , ar+i]v 
+ [ai,- ■ ■ ,ar-i,ar,ar+i]v- 

Remark There is no direct analogue for higher Schouten structures and the higher 
Poisson brackets on Lie algebroid forms. Recall that the series of higher Poisson brackets 
have even/odd parity for an even/odd number of arguments. It is known that no operator 
can generate such a series of brackets that satisfy the Jacobiators needed to form an Loo- 
algebra. 

The higher Schouten brackets presented in Section (|4.1.p and higher Koszul-Schouten 
brackets presented here are not independent constructions. The higher Schouten brackets 
can be viewed as a "classical limit" of the higher Koszul-Schouten brackets (the original 
idea is due to Voronov [37]). To see this we first define a deformed higher Poisson 
structure as 

V^P[n]=J2^-^P'^^-'^''rj^,-.-r,^,. (62) 

k=0 

Here we think of ft as a formal even weight zero deformation parameter. Specifically, no 
physical significance (eg. reference to some quantisation procedure) is attached to this 
parameter. 

Theorem 6. The higher Schouten brackets are given by a formal classical limit of the 
higher Koszul-Schouten brackets generated by the deformed Koszul-Brylinski operator. 
That is 

{ai,a2,- ■ ■ ,ar)v = lim ?i"''[ai, a2, • • ■ , ar]-p[ni 

= limft"'' [••• [[A-pr;ii,ai] ,02] ,ar] 1. (63) 

Proof. Consider the map aLx = Lx{x,r],p,Ti) £ C°°{T*(nE)) defined by ^ -J> pA 
and IT a for an arbitrary X S {HE*) . As the components of the Lie derivative 

are tensorial under double vector bundle morphisms this map is well-defined. It is the 
total symbol of the Lie derivative (see for example [H]). The total symbol for the higher 
Koszul-Brylinski operator is given by crAp = S-p, see Eqn.([52|). Then it is clear that 

a[^v,^v] = {Sv,Sv} = 0. (64) 



as taking the total symbol takes commutators to Poisson brackets on T*{liE). As the 
only non-trivial contribution to the deformed Koszul-Schouten brackets are from the 
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weight greater than r components of Vlh] we see that 
H^o [lil [••• ,02] ,ar] 1 = 



Lr ai 



, a2 



, • • • ,0!r 



1, 



where 7^= :p'P°'^ ' ' ' ^ai is the r-th component of the higher Poisson structure. 

Taking the total symbol gives 

|- • ■ ||cri.,ai| ,a2| , • • • (65) 

{■■■{{Sv,ai},a2},--- ,<^r}\uEGT*{nE) ■ 



,"2 



1 = 



Remember that each component of Lie derivative is invariant under (graded) double 
vector bundle morphisms. Putting this together we see that 

1 " 



hm - 



[ai, a2, • • • , ar]vih] = {' ' • {{Sv,<^i} , "2} , • • • , ">-}ln£;cT-(nE) ' (^6) 
and the result is established. □ 



Via these constructions we interpret the higher Schouten structure S-p G C°°{T*{IIE)) 
as a "Hamiltonian function" associated with the Koszul-Brylinski operator. Thus, both 
the higher Schouten and higher Koszul-Schouten brackets on Lie algebroid forms can be 
traced back to the Lie derivative along the higher Poisson structure. 



Corollary 3. If the smooth functions over a manifold form a homotopy Poisson algebra, 
then the space of differential forms over the manifold is canonically a homotopy BV- 
algehra. Furthermore, the higher Schouten brackets between differential forms are the 
"classical limit" of the higher Koszul-Schouten brackets. 

5. Discussion 

Lie algebroids have by now become an established part of modern geometry and mathe- 
matical physics. From the point of view of this work, the main interest in Lie algebroids 
lies in the fact they present a unification of Schouten & Poisson structures as well as 
a natural setting to discuss (higher) brackets on supermanifolds. This may in turn be 
of interest in theoretical physics, in particular things related to the Batalin-Vilkovisky 
formalism [5j[6]. 

Indeed the initial motivation for this work lies in odd symplectic geometry, and in par- 
ticular the work of Khudaverdian & Voronov |20) . By thinking of symplectic structures 
as functions on IVTM and the associated Poisson or Schouten structures as functions on 
nT*M or T*M respectively, one is lead (ignoring the weight) to graded analogues of the 
classical Tulczyjew triple for M = T*N and M = IIT*N. This allows for aspects of odd 
symplectic geometry to be included in Tulczyjew's constructions. 
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Tulczyjew's motivation was to geometrically understand aspects of classical mechanics 
and in particular the Legendre transform [5S]. However, the question of what aspects 
of the BV-antifield formalism can be restated in terms of the graded triples (or some 
variant of) presented in this paper remains unexplored. 

Furthermore, the physical application of the various higher brackets presented in this 
paper remains somewhat elusive. If nothing else, they represent clear geometric exam- 
ples of Loo-algebras. However, the structure of a higher Poisson structure can be found 
in the classical BV-antifield formulism (mod extra gradings). It is quite possible that 
the associated higher Schouten and higher Koszul-Schouten brackets have some physical 
interpretation in terms of the BV-antifield formalism. 

The "graded super" constructions presented in this work give a nice setting to discuss 
Poisson and Schouten structures on Lie algebroids. It must be remarked that in the 
context of classical Poisson geometry, Cattaneo & Zambon 11 have used graded geome- 
try to investigate Poisson reduction. Presumably, many other geometric structures, such 
as twisted Poisson, Poisson-Nijenhuis, Jacobi and similar on Lie algebroids can be re- 
stated in this graded context. Works on various geometric structures in terms of graded 
manifolds include [4j il6j i23j i30j i33j as well as many others. 
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